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Abstract 

The paper concerns with the generalization of synthetic theory to the modelling of 
both plastic and creep deformations, as well as the interrelation between them. 
Together with the modelling of conventional creep, non-classical problems such as 
creep delay and creep with different plastic pre-strains are considered, which  
grow out of the competency of the classical theories of plasticity and creep.  
Results obtained in terms of the generalized synthetic theory show satisfactory 
agreement with experiments.  

1. Introduction 

The work presented herein regards the generalization of the 
synthetic theory of plastic deformation presented in the work of Rusinko 
and Rusinko [21] to the modelling of not only plastic, but also creep (both 
primary and steady-state) deformation, as well as the plastic-creep 
deformation interrelation. The key points of the generalized synthetic 
theory are: 
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I. It is of both mathematical and physical nature. As a mathematical 
(formal) model, the synthetic theory is in full agreement with basic laws 
and principles of plasticity such as Drucker’s postulate, the law of the 
deviator proportionality, isotropy postulate, etc. (Rusinko and Rusinko 
[21]). 

On the other hand, the synthetic theory is a physical one, which 
includes the characteristics of the microstructure of metal (the nucleation 
and evolution of crystal lattice defects) and their interplay with 
microscopic and macroscopic plastic flow. This is motivated by that 
classical plasticity ignores completely the microstructure and its 
evolution in the course of plastic flow, yet the evolution of microstructure 
is the reason for work hardening and many other plasticity and creep 
phenomena. Being of two-level nature, the synthetic theory is akin to the 
crystal plasticity theories (Asaro [4], Hutchinson [10], Nemat-Nasser and 
Okinaka [14]). The key question is: which mechanisms of the act of 
plastic/creep deformation should be taken into account, and in what 
manner plastic microstrains should be connected to their carriers, the 
defects of crystal lattice? For the basic mechanism of irreversible strain, 
we take a slip of the parts of crystal grains relative to each other. To 
model microstrains vs. defects relation, we focus only on incontrovertible 
facts about in what interplay the defects of crystal lattice and 
plastic/creep straining are, while those of secondary importance are 
omitted from consideration. This makes possible to introduce relatively 
simple relations on the micro-level of material which, at the same time, 
adequately reflect the real behavior of material in unrecoverable 
(permanent) deforming. An excessive concretization of the mechanisms, 
which accompany/induce irreversible deformation inevitably leads to 
extremely cumbersome expressions, in which the role of the dominating 
processes can be unjustifiably veiled. 

Summarizing, the synthetic theory is aimed to strike a compromise 
between a physical adequacy, and simplicity in calculations to be more 
readily applied to engineering design (Ruszinko [22]). 

II. Independently on the type of deformation (creep or plastic) to be 
modelled, a single notion, irreversible (permanent) deformation, is 
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introduced, i.e., the deformation is not splitted into plastic 
(instantaneous) and creep (viscous) parts (Rusinko [19, 20]). The 
manifestation of plastic or creep component and their interrelations 
depend on concrete loading- and temperature-regimes. The correctness to 
use the notion of irreversible deformation follows from the similarity of 
the mechanism of time-dependent and plastic deformation. Indeed, this 
mechanism is a slip of the parts of crystal grains relative to each other. 
These slips are induced mainly by the motions of dislocations which, in 
turn, are induced/accompanied by other micro-structural imperfections 
(defects) of crystalline lattice (vacancies, interstitial atoms, etc.). 
Undoubtedly, the driving forces and configurations of defects are 
different under different conditions. Nevertheless, despite of the variety 
of processes occurring in a body subjected to different loading regimes, 
numerous experiments systematically record the arising of dislocation 
gliding for any type of inelastic straining. Other facts justifying the 
similarity of the nature of plastic and time-dependent deformation are (i) 
a hydrostatic stress does not affect creep deformation; (ii) the axes of 
principal stress and creep strain rate coincide; (iii) no volume change 
occurs during creep (Bethen [5]). These observations are the same as 
those for plastic deformation (Chen and Han [9], Chakrabarty [8]). 

III. Following the tendency of unified approaches to the 
determination of irreversible deformation (see, e.g., Chaboche et al. [6, 
7]), the system of constitutive equations that governs the whole spectrum 
of inelastic deformation has been worked out. In terms of generalized 
synthetic theory, the universality of this system is based on following: 

(i) a single equation provides the relation between (a) micro-
irreversible-deformation, (b) defects of crystalline structure inducing this 
deformation, and (c) time. Further, the procedure of the transition from 
micro-to macro-level is also uniformed: irreversible macro-strains are 
calculated as the sum of the corresponding irreversible micro-strains. 

(ii) a hardening rule is set in such a way that, the transformation of 
loading surface obeys an unique rule; in addition, the kinetics of the 
loading surface transformation is not set a priori, but is fully determined 
by loading trajectory. 
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The objectives of this paper are to demonstrate how, by utilizing the 
uniformed method, the generalized synthetic theory is capable of 
embracing both plastic and creep deformation. In addition, the problem of 
the interrelation between plastic and creep deformation, i.e., creep 
deformation with different plastic pre-strains, is considered. This 
problem, which grows out of the competency of classical theories, remains 
a challenging open one; experiments performed by Ohashi et al. [15] 
refute the erroneous conjecture that plastic and creep deformations do 
not affect each other, and thus must be described by separate models. The 
results of Ohashi et al. [15] contradict the hypothesis of creep potential 
(Bethen [5], Rabotnov [17]) that defines the creep strain as a single-
valued function of the acting stress and temperature independently on 
loading prehistory. Another phenomenon, creep delay, which under 
certain conditions accompanies creep, is modelled. 

2. Fundamentals of the Synthetic Theory of  
Plastic Deformation 

The synthetic theory, concerned only with small plastic strains, falls 
within the category of work-hardening theories of plasticity. Below, the 
basic principles of the synthetic theory (Rusinko and Rusinko [21]) are 
briefly reviewed. 

(A) The establishment of strain-stress relationships takes place in the 

Ilyushin stress deviatoric space, ,5S  (Ilyushin [11]). A load is presented 

by stress-deviator vector, ,S
r

 whose components are 

,22,23 21 yyxxxx SSSSS +==  

,2,2,2 543 yzxyxz SSSSSS ===   (2.1) 

where ( )zyxjiSij ,,, =  are the stress-deviator tensor components; 

,23 2J=S
r

 where 2J  is the second invariant of stress deviator tensor 

(Chen and Han [9]). Further throughout, we will consider the cases when 

( ).054 ==∈ SS3SS
r
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(B) Yield criterion and yield surface. One of the key points 

consists in the construction of planes tangential to yield surface in ,5S  
instead of the yield surface itself. The inner-envelope of tangent planes 
constitutes the yield surface. By making use of this method, a new yield 
criterion is introduced, which coincides with neither the Tresca nor von-

Mises yield criterion in .5S  At the same time, the new criterion is 

reduced to the von-Mises yield criterion in ,3S meaning that the trace of 

the five-dimensional yield surface takes the form of sphere in :3S  

,2,22
3

2
2

2
1 SSS SSSSS τ==++  (2.2) 

where Sτ  is the yield limit of material in pure shear. 

(C) Loading surface. During loading, the stress deviator vector 

shifts on its endpoint planes tangential to the yield surface in .5S  The 
movements of the planes located on the end-point of stress deviator vector 
are translational, i.e., without a change of their orientations. Those 
planes, which are not on the endpoint of stress deviator vector remain 

unmovable. Despite the fact ,3SS ∈
r

 the displacements of planes 
tangential to the five-dimensional yield surface must be considered. 
On the other hand, the positions of planes tangential to the five-

dimensional yield surface can be set by their traces in .3S  As a result 
(Rusinko and Rusinko [21]), any plane locating beyond the sphere (2.2) is 
the trace of plane tangential to the five-dimensional yield surface. 

The loading surface constructed as an inner-envelope of tangent 
planes takes the shape fully determined by the current positions of 
planes. Therefore, the behavior of loading surface is not prescribed a 
priori, but is fully determined by the hodograph of stress deviator vector. 

Figure 1(a) illustrates the yield surface (circle) (2.2) in 21-SS  
coordinate-plane at the virgin state of material, while Figure 1(b) shows 
the loading surface due to the action of stress deviator vector. The planes 
(lines) tangential both to the five-dimensional yield surface and its traces 
are shown in black. The lines filling up 21-SS  plane beyond the circle (the 
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traces of planes tangential to the five-dimensional yield surface) are 
shown in grey. The tangent lines incurring displacements on the end-

point of vector ,S
r

 and the loading surface as their inner-envelope are 
shown in red in Figure 1(b). It is easy to see (Figure 1(b)) that a corner 

point arises on the loading surface at the end-point of S
r

 (loading point). 
This fact is of great importance for the description of the peculiarities of 
plastic straining at non-smooth (orthogonal) loading trajectories (Rusinko 
and Rusinko [21]), where any theory with regular loading surface has 
proved to be unsuitable. 

 

Figure 1. Yield and loading surface in terms of synthetic theory. 
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The condition that a tangent plane is located on the end-point of ,S
r

 
can be expressed as  

,NS
rr

⋅=NH  (2.3) 

where NH  is the distance between the origin of coordinates and the 

tangent plane in NS5 r
;  is the unit vector normal to the tangent plane, 

which defines the orientation of the plane. If the plane is not reached by 

., NSS
rrr

⋅>NH  The distance to plane in 5S  can be expressed through 

that to its trace in ,, mh3S  as (Rusinko and Rusinko [21]) 

,cos λ= mN hH  (2.4) 

where index m indicates the unit vector, ,mr  normal to the tangent plane 

in :3S  

( ),sin,cossin,coscos ββαβαmr  (2.5) 

and λ  is the angle between the vectors mr  and .N
r

 Components kN  and 

km  are related to each other as  

( ) ,coscossin,coscoscos:3,2,1,cos 21 λβα=λβα==λ= NNkmN kk  

.cossin3 λβ=N  (2.6) 

Therefore, Equations (2.3) and (2.6) give that 

( ) .,coscos 332211
3SSmS ∈λ++=λ⋅=

rrr
mSmSmSHN  (2.7) 

As follows from Equations (2.4) and (2.6), if ,0=λ  then mN hH =  and 
( ).3,2,1== kmN kk  This holds true for the planes, which are 

tangential both to the five-dimensional yield surface and sphere (2.2). It 
is these planes with ,0=λ  that govern the transformation of loading 

surface in 3S . 

(D) Plastic strain vector components. Similarly to the Batdorf-
Budiansky slip concept, the synthetic theory is of two-level nature. 
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Each tangent plane represents an appropriate slip system (microlevel) at 
a point in body, and the plane motion symbolizes an elementary process 
of plastic deformation within this slip system. To define an average 
continuous measure of plastic slip within one slip system, we introduce a 
scalar magnitude, ,Nϕ  

,22 SSNN Hr τ−⋅=τ−=ϕ NS
rr

 (2.8) 

which is called the plastic strain intensity. Equation (2.8) holds true for 

the plane displaced by stress deviator vector, i.e., if .NS
rr

⋅=NH  If 

NNH ϕ⋅> ,NS
rr

 is set to be zero. An incremental plastic strain-vector, 

,Sder  (micro plastic deformation on lower (micro)-level) is assumed to be 

in the direction of the outer normal to the plane and determined as 

.dVd N
S Ne

rr
ϕ=  (2.9) 

In Equation (2.9), dV  is an elementary volume constituted by the 

elementary set of planes in 3S  that covered an elementary distance due 
to infinitesimal increase in stress vector (Andrusik and Rusinko [1]): 

.cos λβαβ= ddddV  (2.10) 

The total (macro) strain-vector at a point in a body, ,Ser  is determined as 

the sum (three-folded integral) of the micro strains ‘produced’ by movable 
planes: 

.or dVdV N
V

S
N

V

S NeNe
r

&&r
rr

ϕ=ϕ= ∫∫  (2.11) 

The strain vector components related to the strain-deviator tensor 
components ije  as (Ilyushin [11]) 

,22,23 21 yyxxxx eeeee +==  

.2,2,2 543 yzxyxz eeeeee ===  (2.12) 
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By using Equations (2.6) and (2.10), Equation (2.11) becomes 

or,coscos λβαβλϕ= ∫∫∫
λβα

dddme kN
S
k  

.3,2,1,coscos =λβαβλϕ= ∫∫∫
λβα

kdddme kN
S
k &&  (2.13) 

The integration in Equation (2.13) must be taken over planes shifted by 
stress deviator vector. 

3. The Generalization of Synthetic Theory 

To extend the physical base and boundaries of applicability of 
synthetic theory, the following is proposed. 

(I) To reflect the well-known fact that the defects of metal-crystal-
structure are the carriers of irreversible (plastic or creep) deformation, a 
defect intensity, ,NΨ  is introduced. NΨ  represents an average 

continuous measure of defects (dislocations, vacancies, etc.) generated by 
irreversible deformation within one slip system. 

(II) To model a primary creep and the influence of loading rate upon 
irreversible straining, a new function of time and loading rate, so called 
integral of non-homogeneity, ( ),NI  is introduced. By utilizing the 

physical grounds of irreversible deforming, the form of NI  will be strictly 

derived below. 

(III) Instead of Equation (2.8), the defect intensity is related to plane 
distances and the integral of non-homogeneity as: 

,22 PNPNNN IIH τ−−⋅=τ−−=Ψ NS
rr

 (3.1) 

furthermore, if ,NS
rr

⋅>NH  we set .0=ΨN  The establishment of 

relation between NΨ  and NH  is fully logical due to the distance NH  

characterizes the degree of work-hardening. Indeed, the greater plane 
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distance ,NH  the greater stress deviator vector is needed to reach the 

plane and induce irreversible strain. In Equation (3.1), Pτ  is the creep 

limit of material in pure shear; in terms of the generalized synthetic 
theory, the yield limit and creep limit are related to each other via NI  

(see Section 4). 

Without specifying the types of defects induced by irreversible strain, 
Equation (3.1) expresses an absolutely correct assertion (confirmed by an 
enormous number of experiments): the crystal structure defects are 
related to the work-hardening of material ( )NH  and rate-effects ( ).NI  

(IV) To establish a relationship between irreversible deformation, 
defects and time (t), the following equation is proposed 

,dtKrdd NN N ΨΨ −ϕ=  (3.2) 

where r  is the model constant and K  is a function of homological 
temperature, and the module of stress deviator tensor, whose form will be 
published elsewhere (an important point is that ,constK =  under the 
condition of creep straining). The units of quantities in Equation (3.2) are 

[ ] [ ] [ ] Pa,,1,Pa ==ϕ=Ψ rNN  and [ ] .sec 1−=K  

In what follows, the establishment of the form of the integral of non-
homogeneity, and the detailed analysis of the proposed generalizations 
are considered. 

3.1. The integral of non-homogeneity 

3.1.1. Local micro-stresses and the physics of primary creep.  

It is well known that a plastic deformation is accompanied by the 
formation of dislocation pile-ups, tangles of dislocations, unmovable jogs, 
grains boundaries, etc. (the nucleation of dislocations is observed at 
elastic deformation as well). These defect-formations, being of strongly 
local character, cause an uneven stress/strain distribution through the 
microstructure of metal that, in turn, leads to considerable distortions of 
crystal lattice, where the strain energy is mainly stored. 
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The considerable non-homogeneity and concentration of micro- 
strains/stresses of the second and third kind was observed in the 
experiments carried out by Kuksa et al. [12], which were performed on 
the specimens of pure copper, iron, and titanium in uniaxial tension 
producing stresses in elastic and plastic ranges. The experiments show 
that both stresses and strains are distributed in a strongly 
inhomogeneous way through the crystal grains; local peak stresses can 
take considerable values. In addition, if a strain is larger than the 
average, then the stress inducing this strain is smaller than average 
stress and vice versa. At the same time, the total over- and under-loading 
is equal to zero. 

The inhomogeneous stress distribution makes a metal more unstable 
than in annealed state. Once favorable conditions arise (for example, if to 
stop the increase in stress as in creep tests), the crystal lattice distortions 
start to relax. In other word, the energy stored during plastic loading 
starts to release under a constant stress giving rise to the primary creep. 
It is the difference between the local and average stresses is the driving 
force for the relaxation, which occurs mainly due to spontaneous slips in 
grains induced by the movements of dislocation. Indeed, under thermal 
fluctuations, locked and tangled dislocations, and the obstructions in 
their way themselves become progressively movable thereby causing the 
development of primary creep deformation. 

The local stresses arising around the lattice distortions, we will call 
local peak micro-stresses. These stresses display the following properties 
(Asaro and Rice [2], Peirce et al. [16]): (1) they, being directly correlated 
with dislocation density, make a material stronger; (2) the larger loading 
rate, the larger local stresses; and (3) they are unstable, as soon as 
favorable conditions arise, they decrease with time. It must be noted that, 
the local micro-stress relaxation is also observed during slow loading. 

Therefore, on the one hand, the local micro-stresses cause the “rate-
hardening” of material during active loading but, on the other hand, they 
can relax resulting in the softening of the material. The time-dependent 
macrodeformation of material is the result of the concurring processes of 
the hardening and softening. 
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3.1.2. The integral of non-homogeneity as the mathematical 
measure of local peak stresses 

The integral of non-homogeneity is obtained on the base of the 
statistical analyze of the influence of micro-stress distribution upon the 
elastic strain energy of material. For this purpose, consider an 
elementary volume of body (treated as point) consisting of a large number 

of microparticles (grains). Let 0
kqσ  denote the average stress deviator 

tensor components (macro-stress) acting at the given point. The micro-
stress non-homogeneity can be expressed through the stress deviator 
tensor components acting in each microparticle, ,kqσ  as 

,'0
kqkqkq σ+σ=σ  (3.3) 

where 'kqσ  are random quantities expressing an over/under-loading in 

each particle. We set the relation between 'kqdσ  and 0
kqdσ  as 

,' 0
ijijklkq dCd σ=σ  (3.4) 

where ijklC  are random numbers, that vary from particle to particle, 

which are assumed to be independent from .0
ijσ  Let us suppose that all 

random numbers ijklC  have an identical distribution function, F, and are 

independent of each other. Since 0
ijdσ  are macroscopic (average) stress 

components, the mathematical expectation of parameters ijklC  is 

( ) ∑=∫
∞

∞−

0ijklijklijkl dCCFC  (3.5) 

meaning that the total over-and under-loading with respect to the 
average stress is equal to zero. In addition, 

( ) .1 ∑=∫
∞

∞−
ijklijkl dCCF  (3.6) 
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As it was pointed out earlier, the local stresses are unstable and can 
relax. Let us present the equation to govern their time-dependent 
behavior as 

.'' 0 dtpdCd ijpqijpqij σ−σ=σ  (3.7) 

The first term in the right-hand side in the above formula characterizes 
the increment in 'ijσ  given by Equation (3.4), while the second one, 

,' dtp ijσ−  gives the time-dependent decrease of micro-stresses, which is 

taken to be proportional to '.ijσ  The solution of the obtained differential 

equation (3.7) for 'ijσ  is 

( ) ( ) ( )( ) ,exp,'
0

0

dsstpds
d

tItIC kq
t

kqkqijkqij −−
σ

==σ ∫  (3.8) 

and Equation (3.3) becomes 

( ).0 tIC kqijkqijij +σ=σ  (3.9) 

Substituting stresses ijσ  from Equation (3.9) into the formula for elastic 

strain energy, 

( ) ( ) ( ) ( )[ ],612
1 222222

zxyzxyxxzzzzyyyyxzGU τ+τ+τ+σ−σ+σ−σ+σ−σ=  

(3.10) 

leads to the following relation 

( ) ( )


 −σ−+σ+−σ−+σ=

200200
12

1
kqzzkqzzkqyykqyykqyykqyykqxxkqxx ICICICICGU  

( ) ( )
 +τ+−σ−+σ+

20200 6 kqxykqxykqxxkqxxkqzzkqzz ICICIC  

( ) ( ) .
2020




+τ++τ+ kqxzkqxzkqyzkqyz ICIC  (3.11) 
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The mean value of U is determined by the following relation 

( ) ( ) ,

36

xzxzxxxxxzxzxxxx dCdCCFCUFU KK

43421

L ∫∫
∞

∞−

∞

∞−

=  (3.12) 

which can be decomposed in two parts 

,21 JJU +=  (3.13) 

( ) ( ) ,00

36

1 UdCdCCFCFUJ xzxzxxxxxzxzxxxx == ∫∫
∞

∞−

∞

∞−

KK

43421

L  (3.14) 

where 0U  is the strain energy for the case of homogeneous stress 

distribution determined by Equation (3.10) at .0
ijij σ=σ  At arriving at the 

result (3.14), Equation (3.6) has been taken into account. Further, in 
order to evaluate integral ,2J  

( ) ( ) ( )xzxzxxxxxxxxxxxxxxxxxx CFCFICICGJ KK

43421

L +σ+= ∫∫
∞

∞−

∞

∞−

022

36

2 212
1  

xzxzxxxx dCdC K×  

( ) ( ) ( ) xzxzxxxyxzxzxxxyxxxxxxxxxxxxxx dCdCCFCFdCCFCIG KK

43421

L

35

22
12

1 ∫∫∫
∞

∞−

∞

∞−

∞

∞−

⋅=  

( ) ( ) ( )xzxzxxxyxxxxxxxxxxxxxxxx CFCFdCCFCIG K

43421

L

35

0
6
1 ∫∫∫

∞

∞−

∞

∞−

∞

∞−

⋅σ+  

,KK +× xzxzxxxy dCdC  (3.15) 
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it is enough to investigate its first two terms. Equation (3.5) implies that 
all the integrals in Equation (3.15) containing ijklC  are equal to zero. The 

integrals containing 2
ijklC  give the variance of random numbers ,ijklC  

:1B  

( ) .1
2 ∑=∫

∞

∞−

BdCCFC ijklijklijkl  (3.16) 

As a result, ( ).2222 2222221
2 zxyzxyzzyyxx IIIIIIG

BJ +++++=  Finally, 

Equation (3.13) becomes 

( ).2222 2222221
0 zxyzxyzzyyxx IIIIIIG

BUU ++++++=  (3.17) 

By subtracting from the right-hand side in Equation (3.17), the 

expression ( ) ,32 2
1 zzyyxx IIIGB ++  which is equal to zero due to 

,0000 =σ+σ+σ zyx  we obtain 

( ) ( ) ( ) ( )[ ].63
2 2222221

0 zxyzxyxxzzzzyyyyxx IIIIIIIIIG
BUU +++−+−+−+=  

(3.18) 

Substituting ijI  from Equation (3.8) into Equation (3.18), and converting 

the variables ijσ  to the stress vector components nS  by Equation (2.1), 

the expression for the mathematical expectation of the elastic strain 
energy is obtained as 

( )( ) .exp3
2

2

0

5

1

1
0 













−−+= ∫∑

=

dsstpds
dS

G
BUU n

t

n
 (3.19) 

The value of U  is seen to consist of two parts, the term 0U  corresponds 
to homogeneous stress distribution, and the second term characterizes 
the time-dependent deviation of stresses from their average value. If a 
body is ideally homogeneous, the distribution functions ijklC  degenerate 

in the Dirac delta-function and, according to Equation (3.16), we obtain 
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.01 =B  As seen from Equation (3.19), U  depends not only on the rate 

of stress vector components nS&  at a given instant, but on its values for 

the whole loading history as well. For the case ,constSn =&  

( )( ) ,exp3
2

2

0

1
0 













−−+= ∫

t

nn dsstpSSG
BUU &&  (3.20) 

and since 2SSS nn
&&& =  (S denotes the length of stress vector), 

( )( ) .exp3
2

2

0

1
0 













−−+= ∫

t

dsstpds
dS

G
BUU  (3.21) 

For the case, if the stress deviator vector has a single non-zero 
component, Equations (3.19) and (3.21) are identical at variable loading 
rate as well. We take the square root in the right-hand side in 
Equation (3.21), 

( )( ) ,3
2,exp 1

0

constG
BBdsstpds

dSBI
t

==−−= ∫   (3.22) 

to be the scalar measure of micro-non-homogeneity that regulates 
primary creep; we will term I as the integral (parameter) of non-
homogeneity. To work with the integral of non-homogeneity on the lower 
(micro) level of synthetic theory, we replace S  in (3.22) by the scalar 

product .NS
rr

⋅  This replacement reflects the fact that the driving force for 

a plastic flow within a slip system is not the whole macro-stress vector ,S
r

 

but only its projection, NS
rr

⋅  (resolved stress). Thus, finally, the 
characteristic of local micro-stresses have the form 

( )( ) .exp
0
∫ −−⋅=
t

N dsstpds
dBI NS r
r

 (3.23) 
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In contrast to Equation (3.22), the adopted integral (3.23) depends on 
angles ,, βα  and λ  thereby allowing for the orientation of tangent planes 

in the Ilyushin space. It must be noted that NI  is assumed to be zero, if 

.0<⋅ NS
rr

 

Consider the integral of non-homogeneity at the loading regime 

shown in Figure 2(a) ( ).constdtd == Sv
rr  On the first portion of the 

loading, Equation (3.23) gives  

( ) ( ) ( )( ) ( ) ( )[ ] [ ].,0,exp1exp 1
0

ttptp
BdsstpBtI

t

N ∈−−⋅=−−⋅= ∫ NvNv
rrrr  

(3.24) 

 

Figure 2. tIN −  diagram. 

As seen from Equation (3.24), the integral ( )tIN  grows from the every 

beginning of loading (Figure 2(b)). If we take the loading rate tS /=ν  to 
be infinitely large, we can approximate the function ( )ν− pSexp  in 

Equation (3.24) by the Tailor series that results in the following relation 

( ) .as ∞→ν⋅= NS
rr

BIN  (3.25) 
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For the range ,1tt >  when ,0=vr  let us split the range of integration in 

Equation (3.23) into two parts, from 0 to 1t  and from 1t  to t. Now, 

Equation (3.23) becomes (the decreasing portion of ( )tIN  in Figure 2(b)): 

( ) ( ) ( )( )∫ −−⋅=
1

0

exp
t

N dsstpBtI Nv
rr   

 ( ) ( )[ ] ( ) .,exp1exp 11 ttptptp
B ≥−−⋅= Nv

rr

 (3.26) 

If to assume the loading rate to be infinitely large, Equation (3.26) can be 
written as 

( ) ( ).exp ptBIN −⋅= NS
rr

 (3.26a) 

From Equations (3.24) and (3.26), the following properties of the integral 
of non-homogeneity can be indicated: (i) during loading, it grows 
proportionally to the loading rate; (ii) it decreases under constant 
loading. Therefore, the time-dependent behavior of the integral of non-
homogeneity correlates with that of local peak micro-stresses discussed 
above, and regulates the rate-hardening of material. 

The condition ,0=NI  symbolizes the end of transformations 

occurring in the crystal lattice under primary creep and the transition to 
the steady-state stage of creep. 

3.2. System of constitutive equations: Loading criterion 

Formulae (3.1), (3.23), (3.2), and (2.13) constitute the base of the 
generalized synthetic theory: 

,2 PNNN IH τ−−=ψ  (A) 

( )( ) ,exp
0
∫ −−⋅=
t

N dsstpds
dBI NS r
r

 (B) 

,dtKrdd NNN ψ−ϕ=ψ  (C) 
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 or,coscos∫ ∫ ∫
α β λ

λβαβλϕ= dddme kN
i
k  

 .3,2,1,coscos =λβαβλϕ= ∫ ∫ ∫
α β λ

kdddme kN
i
k &&  (D) 

The procedure of the calculation of irreversible strain vector 

components ( )i
ke  is the following, 

  (i) at a given vector S
r

 and loading rate, the defect intensity Nψ  is 
determined by Equations (A) and (B), 

 (ii) the strain intensity Nϕ can be found by Equation (C), 

(iii) Equation (D) gives the irreversible strain (rate) vector 

components .i
ke  

Equation (C) is one of the most important in terms of the generalized 
synthetic theory. It reflects the well-known fact that the defect intensity 

Ndψ  growths with the increase in deformation ( )Nrdϕ  and 

simultaneously, decreases (relaxes) with time ( ).dtK Nψ−  Owing to 
Equation (C), one does not need to split a deformation into its 
“instantaneous”(plastic) and viscous parts-both of them are developed 
simultaneously. The degree of this development depends on concrete 
loading- and temperature-regimes. That is why, further throughout, we 
will use a single term, irreversible deformation, by which, we mean the 
deformation progressing with time (independently of whether, we 
consider very short-termed loadings in plastic straining or the loadings 
lasting several hours or days as in creep tests). 

The (A)-(D) system governs all types of irreversible deformation for 
any state of stresses and loading regimes. 

Regard must be paid to the integration limits in Equation (D). When 
finding the boundary values of angles ,, βα  and ,λ  one must follows a 
single rule-only tangent planes, which are on the end-point of stress 
deviator tensor produce irreversible strains. Since the plane distances are 
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related to ,Nψ  following the work of Rusinko and Rusinko [21], the 
limits of integration in Equation (D) are determined from the conditions 

,0=ψ N  

( ) ( ) ,2,cos,0 11
N

P
I−⋅

τ
=βαλλ≤λ≤

mS rr  (3.27) 

and condition 01 =λ  gives the equation for the boundary values of 
angles α  and :β  

.2 PNI τ=−⋅ mS rr
 (3.28) 

While the limits of integration (3.27) and (3.28) can be determined 
relatively simply, when the loading trajectory is a straight line, it is not 
the case for arbitrary (curvilinear) loading paths. To express analytically, 
the integration limits for curvilinear loading paths is very difficult task 
and, consequently, computer assisted methods must be applied. 
Nevertheless, a general criterion for the developing of irreversible 

straining must be formulated. Let a current stress vector S
r

 have 
produced some irreversible strain, i.e., a set of tangent planes are on its 
end-point. For these planes, Equations (A) and (2.3) give 

.IS NNP NS
rr

⋅=+ψ+  (3.29) 

If the vector S
r

 acquires increment ,S
r

d  for planes that are on the end-

point of vector ,SS
rr

d+  we have 

.NSNS
rrrr

⋅+⋅=++ψ+ψ+ ddIIdS NNNNP  (3.30) 

Therefore, together with Equation (3.29), we obtain that 

.NN dIdd −⋅=ψ NS
rr

 (3.31) 

We propose the following criterion: the planes that produce irreversible 

strains due to a given vector S
r

 continue to do this due to the vector 

,SS
rr

d+  if for these planes :0≥ψNd  
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.0≥−⋅ NdId NS
rr

 (3.32) 

Equation (3.32), together with Equations (3.27) and (3.28), must be 
applied to the determination of integration limits in Equation (D). 

4. Creep-Yield Limit Interrelation 

Consider the case of arbitrary stress state, and assume that the 
loading rate is infinitely small, so that the integral of non-homogeneity 
tends to zero. If an irreversible deformation does not occur, ,0=ψN  

Equation (A) gives that tangential planes in ( )0=λ3S  are equidistant 
from the origin of coordinates: 

( ) ( ) .20,,, PNm Hh τ==λβα=βα  (4.1) 

The above formula implies that the creep surface (creep locus in 3S  
setting the condition for the onset of first plastic flow at infinitesimal 
loading rate), being constructed as the inner-envelope of tangential 
planes, takes the form of the sphere of radius :2 Pτ  

,2,22
3

2
2

2
1 PPP SSSSS τ==++  (4.2) 

Further throughout, we will use the creep surface (4.2) instead of sphere 
(2.2). 

Let us establish relation between the yield limit and creep limit of 
material, between Sτ  and .Pτ  Consider the case when the length of 

vector ,, SS
r

 changes in time as shown in Figure 2(a). Until stress vector 
reaches tangential planes (Figure 3(a)), ,0=ψN  Equation (A) takes the 
form 

,PNN SIH +=  (4.3) 

where NI  is given by Equation (3.24). As seen from (4.3), the plane 
distances grow due to the increase in .NI  This means that Equation (4.3) 
describes the movements of planes in the direction away from the origin 
of coordinate. Since these movements are not caused by the “pushing” 
action of stress deviator vector, they do not cause irreversible strain. The 
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inner envelope of planes with distances from Equation (4.3) is shown in 
Figure 3(a). Therefore, Figure 3(a) descriptive-geometrically shows the 
hardening action of the integral of non-homogeneity: the greater ,NI  the 
greater NH  and, consequently, the greater stress is needed to induce 
plastic flow. 

 

Figure 3. The transformation of yield (a and b) and loading surface (c) 
(the planes with 0=λ  are shown only). 

Let SS  denote the length of the stress deviator vector, which at time 

St  ( [ ]1,0 ttS ∈  in Figure 2(a)) reaches the first plane, i.e., the plastic 

flow starts developing (Figure 3(b)). For this plane ,SS=⋅ NS
rr

 and 
Equation (2.3) gives that .SN SH =  The replacement of NH  by SS  in 
(4.3) leads to the equation for :SS  

( )( ) .,exp1 SSPSS tSSptp
BS ν=+−−ν=  (4.4) 

It is easy to show that the condition that the stress vector reaches first 
plane can be satisfied only, if .10 <≤ B  The plot of SS  as a function of 
v  constructed on the base of Equation (4.4) is shown in Figure 4. As 
follows from Equation (4.4), curve ( )PSS SSS =  has a horizontal 
asymptote, which is distant of ( )BSP −1  from the abscissa that 
corresponds to the case of infinite large loading rate. For ,SSS >  the 
stress vector displaces the set of planes meaning the progress in 
irreversible strain (Figure 3(c)). 
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Figure 4. The yield limit dependence of loading rate. 

5. Irreversible Deformation in Terms of 
 the Generalized Synthetic Theory 

Let us apply Equations (A)-(D) to the determination of irreversible 
deformation for the case of proportional loading, when the loading 
trajectory is a straight line in the Ilyushin deviator space, and function 
( )tS  has a form as in Figure 2(a). Since the synthetic theory provides the 

fulfillment of the law of the deviator proportionality (Rusinko and 
Rusinko [21], Rusinko [18]), the formulae obtained for the case of, e.g., 
uniaxial tension are fully applicable (up to constants) to arbitrary, 
proportional loading. 

For the case of uniaxial tension ( ( ) ,32,0,0, 11 xSS σ=S
r

 see 

Equation (2.1)) Equation (A), together with Equations (2.5) and (2.7), 
gives the defect intensity as 

[ ] ,,coscoscoscos, 111 SPN SSmSIS >λβα=λ=Ω−Ω−=ψ  (5.1) 

where, according to Equation (B), 

( )[ ] .exp
0
∫ −−ν=
t

dsstpBI  (5.2) 
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According to Eqsuations (3.27) and (3.28), the defect intensity in 
Equation (5.1) is positive for 

,0,, 11111 λ≤λ≤β≤β≤β−α≤α≤α−  

( ) ( ) ( ) .1cos,cos1cos,coscos1cos
1

1
1

1
1

1 IS
S

IS
S

IS
S PPP

−
=α

α−
=β

βα−
=λ  (5.3) 

Beyond these ranges, we have 0=ψ=ψ NN d  and .0=ϕ=ϕ NN d  The 

defect intensity increment is 

( ) ,1 Ω−=ψ dIdSd N  (5.4) 

and Equation (C) gives the strain intensity as 

( ) [ ]( ) .11 dtSISKdIdSdtKdrd PNNN −Ω−+Ω−=ψ+ψ=ϕ  (5.5) 

To evaluate strain vector components by Equation (D), the different 
orders of integration in (5.5) can be applied: first, the integration over 
angles ,βα,  and ,λ  and then time-integration or vice versa. Both of them 

are presented below. 

Equation (C) gives the irreversible-strain-vector-component increment, 

,1
ie∆  as 

,cos2sincos2
1

11

1

1

1 0
1 ∫∫∫

λβ

β−

α

α−

λλϕ∆ββαα=∆ dddre N
i  (5.6) 

where the Nϕ  is given by Equation (5.5) and the integration limits are 

from Equation (5.3). In Equation (5.6), we have introduced the symbol ∆ 
to distinguish the strain-intensity-increment due to time-increment from 
the variables over which, the integration is carried out, i.e., ,, βα  and .λ  

By integrating over ,, βα  and λ  in (5.6), we obtain 

( ) ( )[ ],01 taKFaFaei ∆+∆=∆  (5.7) 

where  
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 ( ) ,11ln12arccos,
33

2 2
22

0 a
aaaa

aaFconst
r

a p −++−−==
πσ

=  

 ( ) .01, =
−σ

σ
= FIa

x
P  (5.8) 

The function F is a decreasing function of a, Figure 5. By integrating over 
time in Equation (5.7), we obtain the formula for the irreversible strain 
component in uniaxial tension: 

( ) ( ) .01 












+= ∫

t

t

i

S

dtaKFaFae  (5.9) 

To evaluate the integral in Equation (5.9), one need to know the form of 
the function ( )( ).,1 ΘtSK  

 

Figure 5. ( )aF  function. 

Following the law of deviator proportionality (Rusinko [18]), 
Equation (5.9) can be rewritten for the case of arbitrary, proportional 
stress state as 

( ) ( ) ,3,2,1,0 =













+= ∫ kS

SdtaKFaFae k
t

t

i
k

S

 (5.10) 
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where, instead of (5.8), 

.IS
Sa P
−

=  (5.11) 

Equation (5.10) is of a general character: at 1tt =  (Figure 2), we obtain 

the plastic strain vector components; at ,1tt >  we get the total, plastic and 

creep, strain components. 

5.1. The analysis of the system of constitutive equations: Partial 
cases 

(1) Consider the case of steady-state creep, when 0=dS  and 
.0=NI  It is clear that Equation (3.31) gives ,0=ψNd  i.e., the defect 

intensity (density) does not change during the steady state creep 
reflecting well-known fact that, steady-state creep deformation develops 
under the equilibrium between the processes of hardening and softening. 
Therefore, Equation (C) gives the constant strain intensity rate: 

( ) .,, constSKconstKr NN =Θ=ψ=ϕ&  (5.12) 

Another consequence from conditions 0=dS  and 0=NI  is 

,constSSa P ==  and ( ) constaF =  (see Equations (5.8) and (5.11)). 

According to Equation (5.10), the steady-state creep strain rate 

components, ,P
ke&  are 

( ) .0 constS
SaKFae kP

k ==&  (5.13) 

Since the function (constant) K appears in the formula for steady-state 
creep rate, we can infer that it takes very small values, and the 
manifestation of the second term in Equation (5.10) becomes material 
only at long-termed loadings (as in steady-state creep). 

(2) On the base of stated above, we can neglect the second term in 
Equation (5.10), or the term dtK Nψ  in Equation (C), when plastic 

or/and primary creep strains are investigated, whose durations are 
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considerably smaller than those of steady-state creep. This is absolutely 
justifiable due to the second term in Equation (5.10) is comparable with 
the term ( )aFa0  only at long termed loadings. Therefore, Equation (C) at 

0=K  is 

,NN drd ψ=ϕ  (5.14) 

and Equation (5.10) gives 

( ) ,0 S
SaFae ki

k =  (5.15) 

where i
ke  is the total, plastic + primary creep, strain components. 

Equation (5.14) reflects another well-known fact that the increase in 
plastic deformation causes that in the defects of crystal lattice leading to 
the work-hardening of material and, consequently, the plastic 
deformation progress requires the increase in acting stress. As regards to 
primary creep, the growth of Nψ  in the course of primary creep 
deformation also reflects the hardening of material, which is manifested 
in the gradual decrease in the primary creep strain rate. 

However, the simplified formula (5.14) is suitable only to the 
modelling of conventional plastic/creep strains, the term dtK Nψ  must 
be taken into account, when non-classical problems of primary creep are 
considered (see Subsection 5.2) 

(3) Consider the case when a complete or partial unloading follows 
the loading, which has produced some irreversible deformation. It is clear 
that now 0=ϕNd  and Equation (C) becomes 

.dtKd NN ψ−=ψ  (5.16) 

The solution of this differential equation is 

( ),exp0 KtNN −ψ=ψ  (5.17) 

where 0Nψ  is the defect intensity accumulated during the initial 

irreversible, straining. Equation (5.17) describes the process of defects 
relaxation, whose physical adequacy is also beyond any reasonable doubt. 
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5.2. Plastic-creep deformation interrelation 

On the base of Equations (A-D), by making use of the integration 
order in Equations (C) and (D) opposite to that considered in 
Subsection 5.1, let us model a conventional primary creep strain in 
uniaxial tension, as well as the primary creep as a function of prior 
plasticity. 

 

Figure 6. Loading regimes with different prior plasticity but equal stress 
in creep. 

Consider the following loading regimes that precede creep straining 
as shown in Figure 6 (Ohashi et al. [15]). Specimen No. 1 is loaded to 
point ,1M  the stress 1σ  exceeds the yield strength of material, and 

induces plastic strain ;1
Sε  further, the stress is hold constant in time, i.e., 

the specimen incurs conventional creep deformation. Specimens No. 2, 3, 
and 4 are loaded up to stresses 432 σ<σ<σ  (points ,, 32 MM  and ,4M  
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respectively), corresponding plastic strains are ,, 32
SS εε  and ,4

Sε  then all 

the specimens are unloaded to the stress 1σ  (points ,, 32 NN  and 4N ), 

and further, the stress is hold constant. The values of jσ  and 

( )4,,1 K=ε jS
j  are presented in Table 1 (the specimens are loaded 

under the temperature of 600°C). Summarizing, all the four specimens 
incur creep deformation under the identical stress 1σ  and temperature, 

but with different prior plasticity. 

According to Ohashi et al. [15], the creep strains of the specimens 
( )C600,MPa1401 °==σ t  are strongly influenced by prior plasticity, 

namely, the greater value of plastic strain ,S
jε  the less creep strain 

develops (see Figure 9). Therefore, prior plastic deformation considerably 
increases the resistance of material with respect to subsequent creep. 

To model, how the prior plasticity affects subsequent creep, it is 
enough to study the creep strains of Specimens No. 1 and No. 2.  

Specimen No. 1. In contrast to the Subsection 5.1, we change the 
integration order: first, by means of time-integration in Equation (C), we 
obtain the strain intensity Nϕ  as a function of ,, βα  and ,λ  and then ie  

components are calculated by integrating with respect to ,, βα  and λ  in 

Equation (D). 

Since the duration of loading/unloading (the time periods of portions 
K,, 21 OMOM  as well as K,, 3322 NMNM ) are ignorable with respect 

to that of subsequent creep, the integral of non-homogeneity (5.2) takes 
form of Equation (3.26a) and Equations (5.1) becomes 

( )[ ] .0,exp11 ≥−Ω−−=ψ tSptBS PN  (5.18) 

The defect intensity is non-zero within the following ranges 

,0,, 22222 λ≤λ≤β≤β≤β−α≤α≤α−  
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( )( ) ( )( ) ,cosexp1cos,coscosexp1cos
1

2
1

2 α−−
=β

βα−−
=λ ptBS

S
ptBS

S PP  

( )( ) .0,exp1cos
1

2 ≥
−−

=α tptBS
SP  (5.19) 

Beyond the ranges (5.19) .0=ψN  The distances to planes, according to 

Equations (A) and (5.18), are 

,1Ω= SHN  for the ranges (5.19), (5.20a) 

( ) ,exp1 Ω−+= ptBSSH PN  beyond the ranges (5.19). (5.20b) 

The loading surfaces for Specimen No. 1, constructed in 21-SS  

coordinate plane as the inner-envelope of tangent planes with distances 
governed by Equations (5.20a, b), are shown in Figure 7(a), (b) (the planes 
in blue are on the end-point of vector and, therefore, they “produce” the 
creep strain). As follows from Equation (5.20b), due to the decrease in 

( ) ,exp1 Ω−ptBS  the planes move toward the origin that results in the 

growth of the set of planes locating at the end-point of stress vector. 
Indeed, while the set of planes at 0=t  is defined by the boundary angle 

( ),0, 211 =α=αα t  the number of planes being at the end-point of S
r

 

grows: 12 α>α  as 0>t  (compare Figure 7(a) and 7(b)). 
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Figure 7. The evolution of loading surfaces for Specimens No. 1 (a, b) 
and No. 2 (c-e) in time (the tangent planes with 0=λ  are shown only). 

The length of S
r

 is .1S  

The decrease in the integral of non-homogeneity reflects the processes 
of the release of the strain energy, which is stored in material due to 
plastic loading, that are manifested in the increase in the number of 
defects capable of producing primary creep. 

On the base of Equation (5.18), Equation (C) yields the following 
form: 

( ) ( )( )[ ] .expexp 111 dtSptBSSKdtptpBSrd PN −Ω−−+Ω−=ϕ  (5.21) 
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To calculate the primary creep strain vector component ,1
Pe  one needs to 

integrate the Nϕ  over the range (5.19): 

.coscoscos
2

2

22

2 0

2
1 ∫ ∫∫

β

β−

λα

α−

λλϕββαα= ddde N
P  (5.22) 

To do this, we split the range (5.19) into the following two domains. The 
first of them, domain I, is 

,0,0,, 11111 =λ≤λ≤β≤β≤β−α≤α≤α− t  (5.23) 

where ( ) ( ),0,0 2121 =β=β=α=α tt  and ( ).021 =λ=λ t  Domain I 
corresponds to the beginning of creep (point 0,1 =tM ). The second 
domain, II, is 

,0,0,, 22121 >λ≤λ≤β≤β≤βα≤α≤α t  (5.24) 

where ,, 22 βα  and 2λ  are given by (5.19). It is easy to see that domain II 
is the extension of domain I in the course of creep strain. Taking the time 
integral in Equation (5.21), the creep strain intensity developed in the 
domain I is obtained as 

( )[ ] ( ) .0,1exp1 11I ≥−Ω+Ω




 −−−=ϕ ttSSKp

KptBSr PN  

(5.25) 

The instant, ,0t  when a plane from the region II starts producing creep 
strain is calculated from Equation (5.18) at :0=ψN  

( ) ,exp 101 Ω=−Ω+ SptBSSP  (5.26) 

( ) .ln1
1

1
0

PSS
BS

pt
−Ω
Ω

=Ω  (5.27) 

Since, depending on the orientation of tangent plane from domain II, the 
defect intensity is non-zero for the period of time [ ),,0 tt  the time-
integration in Equation (5.21) gives the strain intensity in domain II as 

( ) ( )[ ] ( ) ( ).1expexp 0101II ttSSKp
KptptBSr PN −−Ω+Ω





 −−−−=ϕ  (5.28) 
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The macro creep strain vector component is determined by the 
integration of INϕ  and IINϕ  over the regions I and II, 

 

∫ ∫∫
β

β−

λα

α−

λλϕββαα=
1

1

11

1 0
I

2
1 coscoscos drdde N
P  

∫ ∫∫
β

β−

λα

α

λλϕββαα+
2

2

22

1 0
II

2 coscoscos2 drdd N   

.coscoscos2
2

1

21

1 0
II

2∫ ∫∫
β

β

λα

α−

λλϕββαα+ drdd N  (5.29) 

The integrals in (5.29) can not be expressed as elementary functions; 
therefore, one comes to the point, where numerical computation is the 
only practicable way of integration. 

 

Figure 8. The integral of non-homogeneity at 22NOM  loading regime. 
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Specimen No. 2. First of all, the integral of non-homogeneity for the 
loading pass 22NOM  (Figure 8(b)) must be studied. Begin with, the 
loading/unloading rate is assumed to be of finite magnitude. Equation (B) 
gives 

( )( ) ( )[ ] ,,exp1exp 22
0

2

ttptp
BvdsstpBvI

t

N =Ω−−=Ω













−−= ∫  (5.30) 

( )( ) ( )( ) [ ( )2

2

0

exp2expexp
12

2

2

ptp
BvdsstpdsstpBvI

tt

t

t

N =Ω













−−−−−= ∫∫

−

 

( )( ) ] ( ) ,2,exp12exp 1212 tttptttp −≥Ω−−−−  (5.31) 

where 1t  and 2t  are the durations of portions 1OM  and ,2OM  
respectively. The integral of non-homogeneity versus. time plot is shown 
in Figure 8(a). In particular, at 122 ttt −=  ( ,1σ=σ  point 2N  in 
Figure 6) Equation (5.31) gives 

( )( ) ( )( )[ ] .exp22exp1 1212 Ω−−+−−−−= ttpttpp
BvIN  (5.32) 

Assuming that 01 →t  and ,02 →t  and following the reflections 
preceeding Equation (3.25), Equations (5.30) and (5.32) can be expressed 
as 

Ω= 2BSIN   at point ,2M   and Ω= 1BSIN   at point ,2N  (5.33) 

meaning that the integral of non-homogeneity changes in a step-wise way 
along .22NOM  Beyond point 2N  (under the time independent stress 

1σ ), we have (similarly to Equation (3.26a)) 

( ) .exp1 Ω−= ptBSIN  (5.34) 

According to Equation (5.14), the plastic strain intensity of Specimen No. 
2 due to stress 2σ  at point ,2M  is 

( ) .12 PPNNN SBSSIr −Ω−=−−⋅=ψ=ϕ NS
rr

 (5.35) 
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Since along ,22NM  there is no plastic deformation, the defect/strain 

intensity remains unchangeable and is governed by (5.35). Consequently, 
Equations (A), (5.34), and (5.35) gives the plane distances at point :2N  

( ) PPPNNN SBSSBSSIH +Ω+−Ω−=++ψ= 12 1  

 ( )[ ] .122 Ω−−= SSBS  (5.36) 

Since ,10 <≤ B   

,1Ω=⋅> SHN NS
rr

 (5.37) 

meaning that the basic condition of the onset/development of irreversible 
straining-planes must be located on the end-point of stress deviator 
vector-is not satisfied. This means that the creep deformation does not 
start right after the stress has decreased from 1σ  to ,2σ  i.e., the 
phenomenon of creep delay is observed. The creep delay due to unloading 
is systematically observed in experiments performed by McLean [13], 
who stated that any fast enough decrease in acting stress always results 
in creep delay. The loading surface for Specimen No. 2 at point ,2N  
where the plane distances are given by Equation (5.36) is shown in 
Figure 7(c). 

Inequality (5.37) expresses the hardening effect caused by the fact 
that Specimen No. 2 has incurred prior plastic deformation greater than 

for the case of conventional creep-loading, .12
SS ε>ε  

If the irreversible strain does not progress, i.e., ,0=ϕNd  
Equation (C) degenerates to the form of Equation (D) meaning that the 
defect relaxation starts: 

( )[ ] ( ).exp12 KtSBS PN −−Ω−=ψ  (5.38) 

Inserting Nψ  from (5.38) and NI  from (5.34) into Equation (A), we 
obtain the following plane distances: 

( )[ ] ( ) ( ) .expexp1 12 Ω−+−−Ω−+= ptBSKtSBSSH PPN  (5.39) 

Hence, the planes move back in the direction of the creep surface, the 
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instant of time, ,dt  when the first plane to be on the end-point of stress 
vector, is calculated by Equation (5.39) at 1=Ω  and :1SHN =  

( )[ ] ( ) ( ) .expexp1 112 SptBSKtSBSS ddPP =−+−−−+  (5.40) 

Time-period [ ],,0 dt  where dt  is determined from the above 
transcendental equation, is called the creep-delay. The loading surfaces 
at the beginning ( )dtt =  and development ( )dtt >  of creep deformation 
are shown in Figure 7(d) and 7(e), respectively. 

As the vector S
r

 reaches the plane with 1=Ω  at ,dtt =  it starts 
producing irreversible (primary creep) deformation, and for this plane, 
the defects relaxation ceases. For other planes, ,1<Ω  the defects 
intensity continues to decrease according to Equation (5.38). Let us 
designate through zt  the instant of time, when the plane with 1<Ω  is 

on the end-point of .S
r

 The time zt  is determined by Equation (5.39) at 
:1Ω= SHN  

( )[ ] ( ) ( ) .expexp1 112 Ω=Ω−+−−Ω−+ SptBSKtSBSS zzPP  (5.41) 

Since Specimen No. 2 creeps under the same conditions as No. 1, 
Equations (5.18) and (5.21) remains valid. The only differences consists in 
that the strain intensity of Specimen No. 2 is positive as ,ztt >  whereas 
for Specimen No. 1, 0≥ϕN  as ,0≥t  and 0tt ≥  within the domain I 
and II, respectively. Therefore, the Nϕ  for Specimen No. 2 is determined 
by the time integration in Equation (5.21) in the limits from zt  to t: 

.∫ ϕ=ϕ
t

t
NN

z

d  (5.42) 

( ) ( )( )Ω−−−




 −=ϕ ptptp

KBSr zN expexp11  

( ) ( ) .,1 zzP ttttSSK ≥−−Ω+  (5.43) 

Further, the strain vector component for Specimens No. 2 is calculated by 
the same integral as for Specimen No. 1 (the integral (5.22) within limits 
(5.19)), but now the integrand is given by Equation (5.43). 
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To compare the primary creep strain of Specimens No. 1 and No. 2, it 
is enough to analyze their strain intensities given by Equations (5.25) and 
(5.28) and Equation (5.43), respectively. The fact that the primary creep 
strain of Specimen No. 1 is greater than that of Specimen No. 2 can be 
substantiated by the following: 

(1) At the beginning of creep, instants 0=t  and ,ztt =  respectively, 
there are the set of plane on the end-point of stress vector for 
Specimen No. 1 (Equation 5.23), and the sole plane for Specimen No. 2 
(compare Figure 7(a) and 7(d)). This immediately means that, the 
development of primary creep for Specimen No. 1 starts more intensively 
than that for Specimen No. 2. 

(2) The difference between Equations (5.25) and (5.28) and 
Equation (5.43) consists only in the value of times 0t  and .zt  For 
Specimen No. 1, 00 =t  for domain I, and the value of 0t  is determined 
from Equation (5.26) for domain II. The value of zt  is determined by 
Equation (5.41). From the analysis of Equations (5.26) and (5.41), it may 
be inferred that .0ttz >  This fact also implies that, the creep strain 
intensity of Specimen No. 2 is smaller than that of Specimen No. 1 in the 
course of primary creep. It must be noted that, if to set ,0=K  
Equations (5.26) and (5.41) become identical meaning that the simplified 
Equation (5.14) is incapable of modelling creep strains as a function of 
prior plasticity. 

It is clear that the greater stress at prior plasticity. (points ,, 32 NN  
and 4N ), the greater value of zt  meaning the progressive character of 
the decrease in primary creep strain. Therefore, the synthetic theory 
leads to the decrease in primary creep with the growth in prior plasticity. 

Figure 9 shows experimental (Ohashi et al. [15]) and model creep 
diagrams, the latter are constructed on the base of Equations (5.25), 
(5.27), (5.28), and (5.29) for Specimen No. 1 and Equations (5.41), (5.43), 
and (5.22) for Specimen No. 2 with the following model constants: 

MPa,4900=r 1/sec, 105.0 4−⋅=p 1/sec, 1055.7 8−⋅=K .235.0=B  The 
values of plastic pre-strains (see Table 1) are calculated by Equation (5.9), 
where the second term is set equal zero due to the assumption that the 
loading durations tand to zero.  
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Figure 9. Creep diagrams of Specimens No. 1 and 2 ,MPa140=σ  
C650 °=T  (■ experimental points: Ohashi et al. [15]). 

Table 1. Plastic pre-strains (points ( )4,,1 K=kMk  in Figure 6) 

Plastic strain, ( ) %,4,,1 K=ε jS
j  

Stresses jσ  at points ( ) ,4,,1 K=jM j  MPa 

Theory Experiment 

140 0.273 0.28 

174 0.88 1.0 

196 1.8 2.0 

218 2.64 3.0 

As one can see from Figure 9, the synthetic theory gives satisfactory 
agreement with experimental data. 

6. Conclusion 

The generalized synthetic theory of irreversible deformation is 
capable of modelling very wide circle of problems ranging from plastic 
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and steady/unsteady-state creep deformation to non-classical problems of 
irreversible deformation, such as the creep delay and the plastic-creep 
deformation interrelation. This capability results from (i) the uniformed 
approach to the modelling of irreversible deformation, and (ii) the 
effective connection between macro-deformation and the processes 
occurring on the macro-level of material. 
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